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We provide an extension of the Nevanlinna]Polya theorem for two analyticÂ
functions of a complex variable. Q 1996 Academic Press, Inc.
 w x.The Nevanlinna]Polya theorem reads cf. 1, 2 :Â
THEOREM 1. Let n be an arbitrarily fixed positi¨ e integer and, for each k
 .k s 1, 2, 3, . . . , n , let f and g be analytic functions of a complex ¨ariable zk k
 .on a nonempty domain D. If f and g k s 1, 2, 3, . . . , n satisfyk k
n n
2 2
f z s g z 1 .  .  . k k
ks1 ks1
on D and if f , f , f , . . . , f are linearly independent on D, then there exists1 2 3 n
an n = n unitary matrix C, where each of the entries of C is a complex
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constant such that
g z f z .  .1 1
g z f z .  .2 2
g z f z .  .s C ? 2 .3 3
. .. .. . 0  0
g z f z .  .n n
holds on D.
We consider now the case when n s 2 in the above theorem.
We shall prove that the above theorem still holds even if we omit the
hypothesis that f , f are linearly independent on D.1 2
 .THEOREM 2. Let, for each k k s 1, 2 , f and g be analytic functionsk k
 .of a complex ¨ariable z on a nonempty domain D. If f and g k s 1, 2k k
satisfy
2 2 2 2
f z q f z s g z q g z 3 .  .  .  .  .1 2 1 2
on D, then there exists a 2 = 2 unitary matrix C where each of the entries of C
is a complex constant such that
g z f z .  .1 1s C ? 4 . /  /g z f z .  .2 2
holds on D.
Proof. We consider the following two cases:
Case A. If f , f are linearly independent on D, the proof is clear1 2
from the Nevanlinna]Polya theorem.Â
Case B. If f , f are linearly dependent on D, there exist two complex1 2
constants c , c , at least one of which is nonzero such that1 2
c f z q c f z s 0 5 .  .  .1 1 2 2
holds on D.
We discuss two subcases:
 .Case B . Let c / 0. In this case, by 5 we obtain that1 2
c1
f z s y f z 6 .  .  .2 1c2
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 .holds on D. If we set b s yc rc , then, by 6 we have on D1 2
f z s bf z . 7 .  .  .2 1
 .  .Substituting 7 back into 3 yields on D
2 2 22< <1 q b f z s g z q g z . 8 .  .  .  . . 1 1 2
We may assume that f k 0 on D. Otherwise the proof is trivial. Since, by1
 .  .hypothesis, f k 0 is analytic on D, f k 0 is continuous on D. Hence,1 1
 .  .there exists a nonempty subdomain D on D, where f z / 0. So, by 81 1
we obtain on D1
2 2
g z g z .  .1 2 2< <q s 1 q b . 9 .
f z f z .  .1 1
2 2 2 2  .Taking the Laplacians D s ­ r­ x q ­ r­ y of both sides of 9 with
 .respect to z s x q iy x, y real yields on D1
2 2
g z g z .  .1 29 9q s 0, 10 . /  /f z f z .  .1 1
<  . < 2 <  . < 2  w x.since D p z s 4 p9 z cf. 3, p. 94 , where p is an analytic function of
 .z. By 10 we have on D1
g z g z .  .1 29 9s 0, s 0 /  /f z f z .  .1 1
and, therefore,
g z s c ? f z , g z s d ? f z , 11 .  .  .  .  .1 1 2 1
where c, d are complex constants.
 .  .  .By the identity theorem, 11 holds on D. Substituting 11 back into 9
yields
< < 2 < < 2 < < 2c q d s 1 q b . 12 .
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If we set
1 b
y
2 2’ ’< < < <1 q b 1 q bdef
U s 13 .
b 1 02 2’ ’< < < <1 q b 1 q b
and
c d
y
2 2’ ’< < < <1 q b 1 q bdef
V s , 14 .
d c 02 2’ ’< < < <1 q b 1 q b
then it is easy to prove, by using the definitions of a unitary matrix and
multiplication of two 2 = 2 matrices, that
2’ < < 11 q bU ? s 15 . /b /0
and
2’ < < c1 q bV ? s 16 . /d /0
hold.
We set
C s V ? Uy1 . 17 .
Since all 2 = 2 unitary matrices form a group under the standard multipli-
 .cation of matrices, by 17 , C is a 2 = 2 unitary matrix.
 .  .Next we shall prove that 4 holds on D. By 15 we obtain
2’ < <1 1 q by1U ? s . 18 . /b  /0
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Thus we have on D that
f z .1 1C ? s f z ? C ? by 7 .  . .1  /b /f z .2
1y1s f z ? V ? U ? by 17 .  . .1  / /b
2’ < <1 q bs f z ? V ? by 18 .  . .1  /0
cs f z ? by 16 .  . .1  /d
g z .1s by 11 . . . /g z .2
 .Hence 4 holds on D. Thus in this case the proof of the theorem is now
completed.
 .Case B . Let c s 0 and c / 0. In this case, by 5 we obtain f ' 0.2 2 1 1
 .Hence, by 3
2 2 2
f z s g z q g z 19 .  .  .  .2 1 2
holds on D.
 .  .By 19 and by a similar discussion to that of Case B b becomes 0 we1
obtain the desired result. Q.E.D.
w xRemark. D'Angelo 1, p. 102 proved the following generalized result.
PROPOSITION 3. Suppose that B is an open ball about O in C q and that
F,G are holomorphic mappings from B to C N for which
5 5 2 5 5 2F s G .
 .Then there exists U g U N for which F s UG.
  . N .U N denotes the group of unitary matrices on C .
The method of proof of the present paper is quite different from that
w x  .given by D'Angelo 1 . The heart of the method of our proof is Eq. 10 .
THE NEVANLINNA]POLYA THEOREM 387
REFERENCES
1. J. P. D'Angelo, ``Several Complex Variables and the Geometry of Real Hypersurfaces,''
CRC Press, Boca Raton, 1993.
2. R. Nevanlinna and G. Polya, Unitare Transformationen Analytischer Funktionen, Jahres-Â È
 .  .bericht der Deutschen Mathematiker-Vereiningung 40 1931 , 80 Aufgabe 103 .
3. G. Polya and G. Szego, ``Aufgaben und Lehrsatze aus der Analysis I,'' Springer-Verlag,Â È È
Berlin, 1954.
